Abstract: V-band clamp joints are used in a wide range of applications to connect circular anges, for ducts, pipes and the turbocharger housing. Previous studies and research on V-bands are either purely empirical or analytical with limited applicability on the variety of V-band design and working conditions. In this paper models of the V-band are developed based on the classical theory of solid mechanics and the nite element method to study the behaviour of the V-bands under axial loading conditions. The good agreement between results from the developed FEA and the classical model support the suitability of the latter to model V-band joints with diameters greater than 110 mm under axial loading. The results from both models suggest that the axial sti ness for this V-band cross section reaches a peak value for V-bands with radius of approximately 150 mm across a wide range of coe cients of friction. Also, it is shown that the coe cient of friction and the wedge angle have a signi cant e ect on the axial sti ness of V-bands.
Introduction
V-band retainers as shown in Figure 1 are utilised to form a joint between a pair of circular anges for hoses, pipes, ducts, pipelines, turbocharger housings, and many more applications. Their simple con guration and reliable operation make them a good alternative to traditional clamping devices. V-band retainers were invented during the Second World War by the Marman products company and are presently used in a wide range of applications in the aerospace and automotive industries. When compared to traditional re-assembling joints using bolts and screws offering the same strength, V-band retainers have many bene ts. As only one T-bolt nut needs to be tightened they are faster and easier to assemble and re-assemble. Since the ange load is more evenly distributed and the anges contain fewer stress raisers, they can be manufactured with less material, leading to a much lighter joint. As smaller ange thicknesses and no movement of the fastener in the axial direction are required, V-band joints need less space, which makes them very e ective where a compact joint is needed. Especially in automotive and aerospace applications, these latter two bene ts are crucial as weight and space reductions will reduce costs. The mechanism by which a V-band retainer creates a joint is easily understood. Placing the retainers around a pair of anges the T-bolt nut is tightened which results in reducing the circumference and thereby creating a radial force, as can be seen in Figure 2 . The wedging action created by the radial force then generates an axial clamping force, pressing both anges together.
The type of Marman clamp that has received the most attention in the literature consists of a number of individual, relatively sti V-segments held onto relatively exible anges with a at band. In 1966 Wilkey [1] was granted a patent for an experimental rocket system where a key feature was the use of a Marman clamp to hold the nal velocity package in place. This method of holding packages such as satellites into delivery vehicles remains the pre- ferred method as described by NASA¹ and Stravrindis et al. [2] . Release of the satellite once in the correct orbit is achieved by exploding the T-bolt using a pyrotechnic device. Lazansky [3] reviewed and discussed the design of Marman clamp-band separation systems and highlighted the importance of creating a predictable joint sti ness using these clamps. It was also noted that sti ness under axial tension was more di cult to achieve than compressive sti ness.
As described by Meyer [4] , Marman clamps may also be used to hold the various stages of rockets together where again, easy release of the clamp is a signi cant advantage. Rome et al. [5] proposed a 3D nite element model to determine the structural capability of such clamp band systems and investigate the e ects of physical parameters such as friction and band pre-tension. Increased pretension in the band and increased coe cient of friction both increased the axial clamping load.
A variation of the Marman style clamp was examined by Barlam and Feldman [6] . They considered a clamp used to connect the stages of missiles sitting inside the cylindrical sections of the missile body. The connection's anges therefore project radially inwards and the clamp segments have the V pro le on their outer radius. Two different commercial nite element software namely, NAS-TRAN and MARC were employed and both axisymmetric and three dimensional models were analysed. The paper concluded that the MARC code was easier to use for three dimensional models but experimental work was required to verify the results. In addition to the bands discussed above, another type of V-band widely used in the automotive and aerospace industries is formed from a continual, exible V-section band assembled around relatively sti 1 NASA, Marman clamp system design guidelines, Guideline GD-ED-2214, Goddard Space Flight Centre, 2000.
anges. Whilst some of the work undertaken on discrete V-section segment clamps may be transferable to continuous V-section band clamps, there will be signi cant di erences.
This second type of band rst appears to have been studied by Mountford [7] who examined their application as a method of connecting together the housings of diesel engine turbochargers. That work was limited as it was based on empirical data with the results of a series of pressure tests being extrapolated out to other load cases. Analytical (Shoghi et al. [8] ) and a nite element (Shoghi et al. [9] ) models were developed for the analysis of stresses in V-section band clamps that suggested a variation in working stresses due to uncontrolled operating parameters and manufacturing tolerances associated with this type of band. These results were backed up with experimental data and an updated method of determining the axial load generated by an assembled v-band clamp joint was presented (Shoghi et al. [10] ).
Recently Barrans et al. [11] and Muller [12, 13] presented an axisymmetric nite element model to study failure mechanisms in V-bands under axial loading. They categorized failure of V-band joints under axial loading as taking one of two forms. Firstly, small separation of the anges with elastic deformation of the V-band retainer, where the anges reconnect again after the axial load is taken o . Although no physical damage takes place, this failure is undesirable, as especially in turbocharger applications, uid leakage may occur or components may clash (Shoghi [14] ), and in aerospace applications failure of the whole system due to chatter may occur (Stavrindis et al. [2] ).
Secondly, irrecoverable separation of the anges, which occurs when the V-band retainer moves over one or both anges, and hence total failure of the mechanical V-band joint occurs. This would be unacceptable in many applications. For example, as Shoghi et al. [10] have observed, such a failure on a turbocharger would lead to a lack of containment of parts with very high kinetic energies. The impact of ange and V-band geometry on the ultimate axial load capacity of v-band joints was studied by Barrans et al. [11] and Muller [13] .
The previous work described above, on the sti ness of Marman clamp joints has demonstrated that the substantial V-segments in the Marman clamp are much sti er than the structure surrounding the joint. However, even with these relatively sti V-segments some deformation of the segments will occur prior to complete ange separation (as shown by Barlam and Feldman [6] ). This is consistent with the work of Bickford [15] and Brown and Durbin [16] who observe that, in order to determine the axial sti ness of a bolted joint, the axial sti ness of both the bolt and the ange are required. These latter references introduce the concept of a loading plane to distribute the externally applied load between the bolt (where it increases load) and the ange (where preload is relaxed). A V-band joint is very similar to a bolted joint but the sti ness of the bolt will be replaced by the sti ness of the band. In this paper, as a rst step towards understanding this complex V-band joint system, the sti er ange structure will be assumed to be rigid. This will allow the sti ness of the V-band to be determined.
Finite element analysis of clamp band
The nite element method is employed in this research as a well-established and powerful computational tool in structural mechanics. A three dimensional (3D) nite element model consisting of half the V-band and one ange has been constructed as shown in Figure 3 .
An axial displacement constraint was applied to the Vband to enforce the symmetry condition. The V-band was modelled as solid body, applying linear elements with reduced integration as suggested by Dassault Systems² and as recommended by Konter [17] for similar cases of contact analyses. Although Konter [17] suggests using a penalty contact algorithm for easier convergence, a Lagrange multiplier contact algorithm was used here to ensure that friction e ects were correctly simulated (as recommended by Feng and Prinja [18] ). The ange was de ned as an analytical rigid body to reduce the complexity of the analysis. Displacements and rotations of the reference point (RP) were constrained to keep the ange in position. It should be em- phasised here that since the ange is being modelled as a rigid body, no deformation will take place until the initial preload generated by the V-band is overcome (i.e. up to this point the sti ness will appear to be in nite). Only after this point where the ange has separated from its partner will additional load be applied to the V-band. As previous work by Bickford [15] and others has demonstrated, the sti ness at this point (i.e. the V-band sti ness) is an important component of the overall joint sti ness.
Physically, the V-band retainer is assembled onto a pair of anges by tightening the T-bolt nut. A tensile circumferential force has been applied to the ends of the Vband to replicate this e ect.
This part of the simulation can be seen in Figure 4 (cross section of the 3D model), where in a) a retainer is loosely placed around the ange in the initial position, and b) the retainer is fully assembled and contact established. Although the principal aim of this research was to determine the initial sti ness of the V-band in the joint, it was necessary to utilise a large sliding contact formulation due to the large relative movement of the V-band during this initial tightening stage. It should also be noted that whilst in an ideal V-band joint the contact point will be on the at section of the wedge, as shown in Figure 4 (b), the contact region in these models was extended to include both llet radii on the inner surface of the V-section.
Tightening the T-bolt generates an axial clamping load (or preload) pushing both anges together. This was reported in the rst step of the nite element analysis as an axial reaction force at the ange's reference point (RP). In the second stage of the analysis an axial displacement was applied to this reference point. The reaction force generated then represented an axial force applied to the joint. The axial sti ness of the V-band was calculated as the rate of change of reaction force with respect to applied displacement at the reference point. This rate was found at a displacement of 0.002 mm to represent an initial sti ness. It should be noted that as predicted, up to the point where the axial clamping load is exceeded, there is no displacement of the reference point and the sti ness of the assembly is in nite.
Due to model size limitations the 3D model described employs a relatively coarse mesh. On the V-band the contact state is determined at the slave nodes. As the analysis progresses, the contact point can move across the contact surface and switches from one node to another. Since there are only six nodes across the contact surface, this switch represents a signi cant portion of the possible contact area. Hence, a source of inaccuracy has been introduced.
To allow a much ner mesh to be used in the contact area without increasing computational cost, an axisymmetric model of the type investigated by Barlam and Feldman [6] and Rome et al. [5] was generated. The boundary conditions for the axisymmetric model are similar to the 3D model except that as in the previous work, tightening of the V-band is simulated as a negative thermal strain to shrink it onto the ange. The T-bolt load is calculated by integrating the resultant circumferential force over the Vband cross section. Manual iteration was required to determine the temperature change required to generate the desired T-bolt load. The disadvantage of the axisymmetric model is that the non-uniform contact pressure around the circumference reported by Shoghi [14] cannot be simulated. In order to simulate the very small contact region between the V-band and the anges, a high mesh density was used with 41 elements through the thickness of the band and 320 along the length of the pro le, as shown in Figure 5 .
To compare the 3D and axisymmetric modelling approaches, analyses were carried out on 157 mm and 557 mm radius bands with coe cients of friction of 0 and 0.3. The results are shown in Figure 6 . Similarity in stiness (i.e. gradient of the graphs) from 3D and axisymmetric models suggest the suitability of the axisymmetric model as the alternative to 3D model with the bene ts of reduction in computational cost and minimisation of the potential error due to a coarse mesh. Therefore, the axisymmetric model is employed in the rest of the paper for nite element modelling.
Theoretical prediction of axial sti ness
In addition to the nite element model, a model was developed based on classical solid mechanics theory to study the behaviour of V-bands under axial loading. For the purpose of this analysis and to reduce the complexity of the problem, it is assumed that initial contact between the ange and V-band is located on the at section of the Vband, remains on the at section during the axial displacement and the section angle has not been altered by applying an excessive T-bolt load. It will also be assumed that during initial deformation of the band, sti ness will be linear. This is a reasonable restriction of the model as this initial sti ness will be of greatest interest in most applications.
Two forms of deformation are considered: circumferential expansion of the band with no deformation of the cross section and section deformation with no circumferential deformation. The two theories are then combined.
. Ring theory (circumferential extension only)
As a result of tightening the T-bolt and movement of the anges in the axial direction, normal force per unit length, fn, is generated and as well as a tangential friction force, tn, due to the frictional resistance against movement of anges (in the axial direction). These force components are shown in Figure 7 .
The total external load which results in displacement of the ange to band contact point in the axial direction is de ned as F A , and distributed along the inside circumference of the V-band as the axial component, fa, of the normal force per unit length and the axial component, ta, of the friction force per unit length. The relationship between these three forces can be expressed in Equation (1)
where Rc is the radius at which contact is established between ange and band, where fa and ta are acting, and where β is the subtended angle of half the band (see Figure 2). As shown in Figure 7 , the relation between fa and ta is de ned by the following equation:
where µ is the coe cient of friction. Combining Equation (1) and Equation (2) gives:
Considering a segment of the V-band retainer (Figure 8) with an in nitesimal angle, dθ, this externally generated radial force, fr−tr creates a reaction force, F θ , within the V-band acting on both ends of the segment in the circumferential direction.
Using the radius of the contact point between band and ange, Rc, and equilibrium of this segment, the relationship between these two forces is found to be: It is now assumed that the stress in the circumferential direction, σ θ is uniform over the V-band cross section area, A B , and will generate a strain in the circumferential direction, ϵ θ . There will therefore be a change δ β in the half angle, β, (see Figure 2 ) of the ring and hence an expansion, δr, of the cross section radius, Rs, given by:
For the geometry of section being considered here the radius of the contact point will be very close to the radius of the section centroid. Hence, it can be assumed that :
Combining Equations (4) and (5) leads to the following relation:
(EA B δr)/Rc = (frtr)Rc.
Considering the relation between fr, tr and fa with reference to Figure 7 (tr = µfa, fr = fa tan ϕ) Equation (6) can be written:
Substituting into Equation (3) then gives the following relationship between applied axial force and ring expansion:
In order to calculate the axial sti ness of the V-band, the relationship between the total axial force, F A , and the axial displacement of the contact point, δar, is required. Considering the geometry of the band to ange interface: And the axial sti ness due to ring expansion, kar, is given as:
+µ tan ϕ))/(Rc tan ϕ(tan ϕ−µ)).
(10) In frictionless case, µ = , this degenerates to:
.
Development of Section deformation Theory
Whilst the theory presented in the previous section will be applicable to bands where the cross section does not change signi cantly during loading, where the cross section does change, the theory requires extension, as presented here: It is assumed that the most signi cant deformation of the band cross section during axial loading is bending of the back. This is supported by observation of both experimental tests and nite element models. This part of the cross section is assumed to be a rectangular cross section cantilever as shown in Figure 9 (dashed line rectangle), with length L, depth t b (equal to the V-band thickness), elastic modulus E, and second moment of area I. The foot and leg of the V-band are only considered to calculate K and H which represent the levers for the radial (fr − tr) and axial (fa + ta) forces respectively.
A suitable method of calculating the cantilever de ection is the unit-load method as presented by Gere and Timoshenko [19] which can be expressed as:
where ∆ represents a deformation, M L the moment due to the actual loads, and M U the moment due to a ctitious unit load applied at the point where the deformation is to be found. Using the unit-load method on a small segment angle dθ, to determine the axial displacement of the contact point, δ ad due to deformation gives:
(the integral domain is between 0 and L),
where M L = (frtr)(K + x) + (fa + ta)H and M U = H. Using the previously developed relationships between the force components:
For the small segment with arc length Rcdθ, the second moment of area may be de ned as:
Substituting into Equation (11) gives the axial force per unit length as:
(16) The total axial force, F A , can be found by integrating around the band:
. (17) And the axial sti ness due to section deformation, k ad , is given as:
. Total joint axial sti ness
The total axial sti ness, ka, of the band can be de ned in terms of the total displacement, δa, of the contact point in the joint as:
Or, in terms of the two theories presented above: 
Results and discussion
As described in previous sections, a theoretical and an axisymmetric nite element model have been developed to study the behaviour of V-band joints in the axial direction.
In the present study, the geometrical and material data for V-band and ange are listed in Table 1 .
. Axial clamping load
As described in section 2, the rst step in modelling is to establish initial contact between the V-band and anges. This simulates tightening the T-bolt and generates an axial clamping load. Figure 10 shows a consistent gradual increase in this axial load as T-bolt load is increased. Also, for low and medium T-bolt loads (less than 7 kN), the resultant axial clamping load is similar for di erent band sizes. This agrees with the theory presented by Shoghi et al. [10] that suggests the initial axial clamping load is independent of the band size. However for high T-bolt loads, a turning point is detected. To investigate this phenomenon, the geometry of the joint system was monitored during application of the T-bolt load. As is shown in Figure 11a , the V-band cross section geometry does not change significantly during the application of lower T-bolt loads and the change in contact angle is very small. However, as shown in Figure 11b , for high T-bolt loads, the V-band starts to deect during the application of the T-bolt load and the contact angle increases.
An additional observation from Figure 10 is that the limiting T-bolt load at which the assumption of a linear relationship between axial clamping load and T-bolt load becomes unreasonable, occurs at lower T-bolt loads for smaller band diameters. This phenomenon can be under- stood by considering the two forms of deformation identied in the theory. Ring deformation does not alter the band cross section and therefore does not alter the relationship between axial clamping load and T-bolt load. Large diameter bands have greater ring compliance because there is a greater length of material to expand in the circumferential direction. In fact, for large diameter bands, ring compliance is much higher than section compliance and a substantial T-bolt load has to be applied before signi cant section deformation takes place. As the band diameter reduces, the ring sti ness increases and becomes comparable to the section sti ness. The transfer of load to section deformation therefore takes place at lower T-bolt loads.
. Axial sti ness
As stated in previous sections, to determine initial axial sti ness of the V-band in the joint (for the nite element model), the anges were displaced (moved) slightly in the axial direction and the generated axial reaction force at the reference point was recorded. The axial sti ness is then the gradient of such graphs. Figure 12 shows the sti ness variation with respect to changing V-band radius and T-bolt load with no friction. These results show that the axial sti ness of smaller bands is generally higher than for larger ones, when applying similar T-bolt load. Also, for each band size, the sti ness shows no signi cant change when increasing the T-bolt load until it drops at high T-bolt loads. This drop o in stiness is due to the change in contact angle induced by the high T-bolt loads (as explained in the previous section).
The results from the developed theory based on the classical solid mechanics (ring expansion and section de- . mm Flange contact radius (rc) .
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kN/mm V-band cross section area (A B ) mm Subtended angle of half the band (β) degrees* V-band thickness (t b )
. mm Lever of axial force F A (H) . mm Lever of radial force F R (K) . mm Length of assumed cantilever for V-band section in combined theory (L) . mm * Note: The actual value for β is • . This is taken as formation theories) are plotted in Figure 13 , for di erent band sizes also considering the e ect of friction (friction coe cient=0.15). In Figure 13 , the section deformation theory shows a rapid linear increase in the axial sti ness with increasing band size. This is to be expected since the cantilever used to approximate the band in this theory has a width equal to the circumferential length of the band. The ring theory predicts that axial sti ness will be inversely proportional to band diameter. Combining the two theories predicts a band diameter where sti ness reaches a maximum. The band diameter giving this maximum sti ness is dependent on the coe cient of friction. It can also be seen that including friction increases axial sti ness.
To further investigate the e ect of friction in more detail, the theory was used to calculate the axial sti ness over a range of V-band sizes with variable coe cient of friction. The results shown in Figure 14 con rm that the V-band diameter giving the highest sti ness is indeed de- pendent on the coe cient of friction. It can also be seen that sti ness increases as the coe cient of friction is increased over the full range of band sizes.
Results from the theory and the nite element models are compared in Figures 15 and 16 . Figure 15 shows the axial sti ness values for a range of di erent band sizes using theory and nite element models with T-bolt loads of 0.5 kN and 6 kN for coe cients of friction of 0 and 0.15. Also, results from the theory and nite element models are compared in Figure 16 for a range of di erent coecients of friction for the small (Rc = mm) and large (Rc = mm) band sizes. Good agreement between the nite element models and theoretical results justi es the utilisation of the proposed theoretical model over this range of band sizes and coe cients of friction. However, it should be noted that at lower V-band diameters, the theoretical model appears to underestimate the sti ness. Two factors may contribute to this: The length of the back, L, is estimated as shown in . Reducing L will increase sti ness. Also, as angle ϕ increases due to loading the circumference of the foot of the band must increase. This will increase the resistance to deformation.
The e ect of V-band angle, ϕ, on the axial sti ness has also been studied. For the type of V-band used in the present study, this value is equal to 20 degrees. However, this value may change under working conditions (e.g. over tightening of V-band through application of high T-bolt loads). The manufacturer may also wish to change this angle for particular applications.
To ensure that changes to the FEA model were replicated in the theoretical model, the method used to change the band angle was carefully de ned. With reference to Figure 17 , point b on the at section of the band was xed relative to points d and e. The angle change was then dened as a rotation of the at section of the band around this point. The position of the contact point between the band and the anges was maintained at point c, the other end of the at section. In the theoretical model (section 2), the values of H, K and L needed to be adjusted for each angle as these values are dependent on the V-band angle (ϕ). As shown schematically in Figure 17 , by changing the angle from ϕ to ϕ + δϕ, the values of H, K and L will change into H ′ , K ′ and L ′ . The relations between these parameters are as follows:
where "bc" (bc = bc ′ ) is the length of at section in the Vband (bc = . mm) and δϕ is change in the wedge angle (ϕ). The results from the theoretical model of this change in angle study are shown in Figure 18 . These suggest that axial sti ness decreases as V-band angle is increased. Figure 19 , shows the e ect of wedge angle on axial sti ness using both theoretical and nite element models (T-bolt load =6 kN, coe cient of friction=0). This is done for band radii of 110 and 500 mm. The results show a good agreement between the two models. As suggested by both nite element and theory results (Figure 19 ), for small (radius =110 mm) and large bands (radius = 500 mm), increasing the wedge angle results in the axial sti ness decreasing.
Conclusion
A nite element modelling methodology for exible Vbands on relatively sti anges has been produced. This methodology has generated results that are consistent with previously published results.
The nite element models have demonstrated that, provided that ring sti ness dominates the response of the V-band, axial preload in the joint is independent of band diameter. However, a transfer of load to section deformation will place a limit on axial pre-load that can be generated as T-bolt tension is increased. This limit is lower for smaller diameter bands.
The nite element model also demonstrated that provided band response is dominated by ring sti ness, axial sti ness is independent of T-bolt tension. A classical theoretical model for the axial sti ness of the V-band in the joint has been generated which shows good agreement with the nite element model for band diameters greater than 110 mm and the ranges friction coe cient and wedge angle seen in practice. This theoretical model can therefore be used with con dence to further investigate the factors e ecting joint axial sti ness.
Axial sti ness of assembled V-bands is dependent on band diameter. For the band cross section investigated, the peak axial sti ness occurs at band radius of 100 to 200 mm. This peak occurs for larger diameter bands as the coe cient of friction is increased.
Further work
It has been demonstrated here that the axial sti ness of assembled V-bands is strongly in uenced by the ring stiness of the band. This ring is broken at the T-bolt to incorporate an assembly including the T-bolt, trunnions and trunnion straps. These components and the interaction between them will impact on band's ring sti ness. Further nite element and experimental work is required to investigate this.
The work carried out here has assumed that the ange is correctly making contact with the band on the at portion of the band leg. On the common band geometry investigated here, this at section is small. It has also been shown that increasing the angle of the band (a consequence of contacting on the radii of the leg) will dramatically reduce the axial clamping load and axial sti ness. The impact of manufacturing tolerances on the size of this at section and the consequences of contacting o this section should be investigated using both nite element models and experimental methods.
The nite element models presented here have been developed for a particular band cross section geometry. These models need to be developed further to incorporate a range of geometries and the applicability of the classical theory reviewed. The analysis carried out here has allowed the axial sti ness of the V-band to be determined. However, the overall sti ness of the V-band joint will also be in uenced by sti ness of the anges and the position and movement of contact points between the anges as the joint is deformed. This combined e ect will require further analysis. 
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